Recall that a subset X of a Boolean algebra (BA) A is independent if for any two ÿnite disjoint subsets F; G of X we have
For notation and facts about Boolean algebras, see [2] . Information on Ind(A) can be found in Monk [5] . The invariant i(A) for Boolean algebras in general is treated in [6] .
For any element a of a BA we let a1 = a and a0 = − a. The free BA on Ä many generators is denoted by Fr(Ä). If A is freely generated by X and a ∈ A, then there is a unique smallest ÿnite subset F of X such that a is in the subalgebra of A generated by F. We denote this set F by supp(a). supp(a) is called the support of a. Note that supp(0) = supp(1) = ∅.
Elementary results
The following obvious proposition indicates the relationship of the set Spind(A) to Ind(A) and i(A). If Ä6 are cardinals, [Ä; ] card denotes the set of all cardinals such that Ä6 6 . The following fact is used in the proof of the main result.
Lemma 1.2. Spind(A) ⊆ Spind(A × B).
Proof. Let X be a maximal independent subset of A. Deÿne shows that Y ∪ {(c; d)} is dependent. Case 2: c ∈ X . Therefore there exist a ÿnite F ⊆ X , an ∈ F 2, and a ∈ 2, such that a∈F a (a) c = 0. Choose b ∈ X \F. Then
Ralph McKenzie has shown that actually equality holds in Lemma 1.2; see [4] .
The main theorem
Note ÿrst that if A is superatomic, then A has no inÿnite independent subsets, and hence Spind(A) = ∅. The following lemma treats a special case of the main result. Lemma 2.1. Spind ∈ Fr( ) = if is a ÿnite nonempty set of inÿnite cardinals.
Proof. ⊇ holds by Lemma 1.2. Now suppose that Ä is a member of the set Spind ∈ Fr( ) \ ; we want to get a contradiction. Say that X is maximal independent with |X | = Ä. Let = { ∈ : Ä¡ }. For each ∈ let b be a free generator of Fr( ) not in the support of any element x for x ∈ X . Let b = 0 if ∈ ∩ Ä. Then (b ) ∈ ∈ X , and so there exist a ÿnite subset F of X , an ∈ X 2, and a ∈ 2 such that x∈F x (x) · b = 0. In particular we must have x∈F (x ) (x) · (b ) = 0, and hence
A construction which will be used several times below is the weak product of a system A i : i ∈ I of BAs; by deÿnition it is the set of all f ∈ i∈I A i such that {i ∈ I : f(i) = 0} is ÿnite or {i ∈ I : f(i) = 1} is ÿnite, and it is denoted by w i∈I A i . Theorem 2.2. If I is any set of inÿnite cardinals, then there is a BA A such that Spind(A) = I .
Proof. By Lemma 2.1 we may assume that I is inÿnite. Let Ä be the smallest member of I . Deÿne
Here ⊕ is the free product operation. First ÿx any ∈ I ; we show that ∈ Spind(A). Let x : ¡ enumerate free generators of Fr( ). For each ¡ , deÿne y ∈ w ∈I Fr( ) by deÿning, for any ∈ I ,
Clearly {y : ¡ } is an independent system of elements of A; extend it to a maximal independent set X . do not depend on the particular z ∈ X . Take any distinct w; z ∈ X , and choose ¡ so that y = w; z. Then w · −z · y = 0, contradiction. In fact,
Now take any i¡n and J ⊆ n. If i ∈ J , then
as desired. Thus (1) holds. Now suppose that ∈ I but X is a maximal independent subset of A of size ; we want to get a contradiction. For each x ∈ X write (2) Ä ¡ |X |. For, suppose that |X | ¡ Ä. Choose so that x is not in the support of any v x i . We claim that X ∪ {x } is independent (contradiction). For, suppose that F is a ÿnite subset of X , and ∈ F 2. Then we can write
where each s i is in w ∈I Fr( ) and each t i is in the subalgebra of Fr(Ä) generated by x∈F;i¡mx supp(v For,
So (3) 
considered as a member of ( ∈H Fr( )) ⊕ Fr(Ä). Now we claim (9) x H : x ∈ X is independent in ( ∈H Fr( )) ⊕ Fr(Ä). To prove this, suppose that K and L are disjoint ÿnite subsets of X and
we want to get a contradiction. Let P = y∈K m y and N = {(y; i) : y ∈ L and i¡m y }. Then
Now choose distinct x; s; t; w ∈ Y \(K ∪ L). Then, using (3), In fact, under the hypothesis of (13), using (10) and (11) we get
and so the conclusion of (13) follows.
By (8), (12), and (13) we get
contradiction. This proves (9). Now let L = { ∈ I : ¡ } and K = { ∈ I : ¡ }. For each ∈ H ∩ K let w( ) be a free generator of Fr( ) not in the support of u x i ( ) for any x ∈ X and i ¡ m x , and let w( ) = 0 if ∈ I \(H ∩ K). Clearly w ∈ X , so there exist a ÿnite M ⊆ X , an ∈ M 2, and a ∈ 2 such that w · y∈M y (y) = 0. Choose distinct x; z; s; t ∈ Y \M . Now ∈H ∩L ¡ , and Ä¡ , so there exist distinct ; ÿ ∈ X \(M ∪ H ∪ {x; z; s; t}) such that m = m ÿ , v i = v ÿ i for all i¡m , and for all i¡m and all ∈ L ∩ H we have
In fact, by (8) we just need to take any ∈ H ∩ L and show that ( · −ÿ)( ) = 0. Now by (3) we have
The choice of and ÿ now gives ( · −ÿ)( ) = 0. So (14) holds. Now
so by (14) and the choice of w we get
contradiction.
Additional results on direct products of free algebras
The following characterizes Spind(A) for A a weak product of free algebras.
Proposition 3.1. Suppose that I is an inÿnite set, and i : i ∈ I is a system of inÿnite cardinals. Then
Proof. ⊇ holds using Proposition 8 of Monk [6] . For ⊆, suppose to the contrary that Ä ∈ Spind( i∈I Fr( i )) and Ä ∈ { i : i ∈ I } ∪ {!}. Let J = {i ∈ I : i ¡Ä} and L = {i ∈ I : Ä¡ i }. By Corollary 10.4 of Monk [5] , L = 0. Let X be a maximal independent subset of i∈I Fr( i ) of size Ä. Wlog for all x ∈ X the set F x = {i ∈ I : x(i) = 0} is ÿnite. Let Y be an uncountable subset of X such that F x : x ∈ Y forms a -system, say with kernel G. Obviously G = 0.
( * ) x G : x ∈ Y is independent in i∈G Fr( i ).
In fact, suppose that K ∈ [x] ¡! and ∈ K 2. Choose distinct x; z ∈ Y \K. Then xz y∈K y (y) = 0, so y∈K (y G) (y) = 0, as desired in ( * ). Now for each i ∈ G ∩ L let w(i) be a free generator of Fr( i ) not in the support of any x(i) with x ∈ X , and let w(i) = 0 if i ∈ I \(G ∩ L). Clearly w ∈ X , so there exist a ÿnite K ⊆ X , an ∈ K 2, and a ∈ 2 such that w · y∈K y (y) = 0. Choose distinct x; z ∈ Y \K. Now i∈J ∩G i ¡Ä, so there exist distinct u; v ∈ Y \{x; z} such that
so by the choice of w, using ( * ), we get
Concerning arbitrary inÿnite products of free algebras we have the following results.
Proposition 3.2. If i : i ∈ I is a system of inÿnite cardinals with I = 0, then i∈I Fr( i ) has a maximal independent subset of size i∈I i .
Proof. This is true by Lemma 2.1 if I is ÿnite. For I inÿnite, for each i ∈ I let X i be a set of free generators of Fr( i ) of size i . Let Y be a ÿnitely distinguished subset of i¡cf Ä X i of size |A| = i∈I i . (See [2, p. 197 ]) Clearly Y is independent, and |Y | = i∈I i . That is the size of the whole product, so the Proposition follows.
Corollary 3.3. If i : i ∈ I is a system of inÿnite cardinals with I inÿnite, then for each inÿnite nonempty J ⊆ I we have j∈J j ∈ Spind( i∈I Fr( i )).
The methods of proof for the above results give the following.
Proposition 3.4. Suppose that is a nonempty set of inÿnite cardinals, and Ä is an inÿnite cardinal not in such that
∈ ; ¡Ä ¡ Ä:
Proposition 3.5. Suppose that is an inÿnite set of inÿnite cardinals, Ä is a cardinal not in ,
Then Ä is a limit cardinal, and Ä ∈ Spind( ∈ Fr( )).
Proof. For each ∈ let X be a set of free generators of Fr( ). The two conditions clearly imply that sup{ ∈ : ¡Ä} = Ä, and hence Ä is a limit cardinal. Now suppose that Y ⊆ ∈ Fr( ) is maximal independent, with |Y | = Ä. Write Y = {y ÿ : ÿ¡Ä}. Now the order type of { ∈ : ¡Ä} is 6 Ä. Let : ¡ enumerate this set in strictly increasing order. So, is a limit ordinal 6Ä. We now deÿne a member x of ∈ Fr( ), as follows. For any ¡ ,
Hence there exist a ÿnite subset F of Ä, an ∈ F 2, and a ∈ 2 such that ÿ∈F (y ÿ ) (ÿ) x = 0. Choose ¡ such that ÿ6 for all ÿ ∈ F. Now 
Hence (y · −y ) ( ∩ +1 ) = 0. It follows that there is a ∈ with +1 6 such that (y ·−y · ÿ∈F (y ÿ ) (ÿ) ) = 0. So ( ÿ∈F (y ÿ ) (ÿ) ) = 0, but ( ÿ∈F (y ÿ ) (ÿ) ) ·x = 0, contradicting the deÿnition of x. Corollary 3.6. If Ä is a strong limit cardinal and Ä ∈ , then Ä is not in the set Spind( ∈ Fr( )).
Corollary 3.7. If the order type of ∩ Ä is !, sup( ∩ Ä) = Ä, and Ä ∈ , then Ä ∈ Spind( ∈ Fr( )).
The following consistency result clariÿes these results. such that m x = m is constant for x ∈ Y , and so is b ix : i¡m . Now for each i¡m, the system a ix : x ∈ Y is dependent in A. So by induction we can deÿne pairwise disjoint ÿnite
Mixed products
Proposition 5.1. Suppose that I and J are sets of inÿnite cardinals, with J inÿnite, and Ä is an inÿnite cardinal. Assume that ¡Ä¡ for all ∈ I and ∈ J . Furthermore, assume that |J |¡Ä. Then
Proof. Suppose the contrary, and let X be a maximal independent set of size Ä. Wlog for all x ∈ X the set F x def = { ∈ J : x 1 ( ) = 0} is ÿnite. Here x = (x 0 ; x 1 ) for
¡! such that {x ∈ X : F x = G} is inÿnite. Obviously G = 0. Now for each ∈ G let w( ) be a free generator of Fr( ) not in the support of any x 1 ( ) with x ∈ X and 0¡x 1 ( )¡1, and let w( ) = 0 for all ∈ J \G. Clearly then (1; w) ∈ X , so we can choose a ÿnite K ⊆ X , an ∈ K 2, and a Â ∈ 2 such that (1; w) Proof. An element of a weak product is of type 1 it is 0 except for ÿnitely many places; otherwise it is of type 2.
For each ¡ Ä let x ;i : i¡! be an independent system of elements of Fr( i ), and for each ¡ let y ;i : i¡! be an independent system of elements of Fr( i ). Now for n ∈ !, ¡Ä, and ÿ¡ we deÿne
By the proof of Proposition 8 of Monk [6] , the set
is independent in the free product. We claim that it is maximal independent. For, take any element w of the free product. Then we can write 
Particular algebras
The following elementary result leads to a natural problem. ! }. In exercise (A13), page 289, he shows that it is consistent to have 2 ! large and ! 1 ∈ Spind(A). In the model of Shelah [7] we have 2 ! = ! 2 and Spind(P!=ÿn) = {! 1 ; ! 2 }. On the other hand, in Shelah [8] a model is constructed in which i(P!=ÿn), itself large, is much smaller than the continuum, which can be arbitrarily large.
These results appear to leave the following problem open. 
